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An analysis of the autocorrelation descriptor for molecules
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We discuss properties of the autocorrelation descriptor, a topological descriptor encod-
ing both molecular structure and physico-chemical properties of a molecule. We introduce
two random graph models for molecules and show that this descriptor may exhibit unwanted
correlation properties, making the generated data unusable for structure—activity relationship
studies. This shortcoming can easily be eliminated by centering properties, facilitating subse-
guent statistical analysis.
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1. Introduction

For the needs of computational chemistry a variety of descriptors has been devel-
oped. A (numerical) descriptor is a function or an algorithm that accepts a representa-
tion of a molecule or an atom as input and outputs some numerical data. Descriptors
are used in computer aided drug design for tasks such as similarity analysis, clustering,
and quantitative structure—activity relationship (QSAR) studies [1], a method to relate
the structure of a molecule to a specific biological property. Both descriptors for planar
(2D) and for spatial (3D) molecule representations are utilized. While a 3D-descriptor
usually changes its values if the molecule shifts to a different spatial conformation,
a 2D-descriptor does not do so, which can be an advantage if the final conformation
is not known in advance. Topological descriptors, also called molecular connectivity
indices [2], are 2D-descriptors computed from the molecular graph whereby hydrogen
atoms and their bonds are usually omitted (for the numerous applications of graph the-
ory on chemistry see [3,4]). Due to their minimal computational requirements, topo-
logical descriptors are frequently used to analyze virtual combinatorial libraries or large
chemical databases with thousands or even millions of compounds. One of the first
topological descriptors was proposed by Wiener [5] and successfully used to determine
boiling points of paraffin. Several other topological descriptors have been proposed
since, most of which do not account for physico-chemical properties located at atoms or
bonds. Moreau and Broto [6] proposed a topological descriptor that not only encodes
the structure of the molecule but also numerical properties assigned to atomsuThis
tocorrelation descriptor has been used to estimate [Bgvalues [7], a humber related
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to membrane permeation, for pharmaceutical [8,10,11] and toxicological research [9].
A software package that uses 2D-autocorrelation is, e.g., DRAGON [12].

2. Preiminaries

For the autocorrelation descriptor, the molecular structure is represented as a
graphG and physico-chemical properties of atoms (e.g., volume, electronegativity, hy-
drophobicity) as real values assigned to the vertice§ .offo that, letD; = {(u, v) |
d(u,v) = d} be the set of pairs of verticéa, v) having distancel (length of shortest
path fromu to v) andx, a real-value assigned to vertexThen

Ag = Z XyXy (1)

(u,v)eDy

is the d-distance autocorrelation descriptor of G. As a distance-based functioA, is
invariant for different labellings o, hence, (1) can be defined as the autocorrelation
descriptor of the molecule corresponding@o

In practice, since not all molecular graphs in a chemical dataset have the same
maximum distanceA, is calculated for distances < d* and the vecto(A,, ..., Ag)
is then used to describe the molecule. Typical valueslare 8 ord* = 10. Thus, all
molecules in the dataset have a uniform description.

The name “autocorrelation descriptor” is a misnomer, (1) is actually a convolution.
Still, we use the former name to be consistent with the literature.

To analyze mathematical properties of the autocorrelation descriptor, we model
molecules asandom graphs [13,14] that have a random variable associated with each
vertex. We use two random graph models:

1. A general model with an arbitrary graphical structure. We do not make any
assumptions on the edge distribution. Especially, this model is valid for all
chemical structures.

2. A model in which the numbeN of vertices is a random variable and edges
are selected independently with a probability that depends on the actual num-
ber of vertices. The expected number of edges equals the expected number of
verticesE(N). Any chemical graph can be regarded as a realization of such a
random graph.

This model is a generalization of a model we studied in [15].

To model physico-chemical properties of atoms, we associate with each vertex
veV =/{1,..., N}arandom variabl&,. Hence, the function (1) becomes a random
variable

AdX)= Y XX,  X=(Xp.... Xy,

(u,v)€Dy
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Figure 1. The graph of phenol and its edge graph.

andD, is now a random set on the space of random graphs. In partiéular, V2 is the
random set of edgeX is the vector of propertieX, attributed to atonx, u = 1,..., N.
To represent the molecular structure only, weXset 1 = (1,...,1).

If we want to analyze properties of chemical bindings instead of atoms, the auto-
correlation descriptor can be applied to #udge graph of the molecule: iff e, f are
adjacent edges (i.e., have a vertex in commony pits edge graphﬁ contains vertices
ve, vy and an edgev,, vys).

We assume thai (X)) = E(Xy),u=1,..., N,andXq, ..., Xy are independent
and independent db,, i.e., independent of the graphical structure.

3. Basicproperties

In this section, we examine some basic properties of the fundtjpe= A,(G),
d > 0, for a graphG.

Note that in (1), every summand appears twicedor 0 since(u,v) € D, iff
(v,u) € D;. In some of the derivations below we consider pairsv) for which this
symmetry is not given and the corresponding summands are multiplied by 2.

A, has an additive property. Consider two graghs G, that are connected by at

least one edge.
€20

G
For this ensemble then holds ?
Ai(G1, Go) = Ag(G) + Au(G) +2 Y xuxy

ueV(Gq),veV(Gp)
d(u,v)=d

Especially, ifG, is a single vertex connected td@,, we get

Ad(G1,v) = Ag(G) +2x, Y X 2)

ueV(Gy)
d(u,v)=d

Small changes of the values or the graphical structure, therefore, result in small
changes of the corresponding autocorrelation descriptors. If we assume that similar com-
pounds will exhibit similar physico-chemical and biological propertgsi{ar property
principle) then we may expect that molecules with similar valueswill be similar
biologically.

Lif and only if.



94 B. Hollas/ An analysis of the autocorrelation descriptor for molecules

1.0 2.0 3.0 6.0 20 1.0 6.0 3.0

Figure 2. Different weighted graphs with identical valuesAgt

(1

Figure 3. Different graphs with identical valuesAj.
For trees, from (2) it follows by induction

MG = Y xCY

veV(G)

with

CU(IU) = Z Xy

{uld (u,v)=d}

In this caseA, is a sum of thel-distance neighborhood €' of v, weighted byx,.

A, is not characteristic for edge-weighted graphs. Though the graphs below have
different real values at their edges, the valdesd = 0, ..., 3, are identical. This is
also true ifA, is only to encode the structure of the graph, i.ex, iE= 1 for all verticesv:
for both the graphs below,, . .., Ag are identical.

Labeled graphs with equal structure are callgmnorphic. Since it is widely be-
lieved (but not yet proved) that no polynomial-time algorithm exists for the decision
problem whether two labeled graphs are isomorphic [16], results as those above are to
be expected. However, molecular graphs that have identical vadlydmve the same
number of verticea = Ag(1), edgesn = A;(1), and ringsr: since molecular graphs
are planar (can be drawn in a plane without crossing edges), Euler’s polyhedron theorem
n —m +r = 1 holds. This may in part explain successful clusterings [8,10] using the
autocorrelation descriptor.

4. Theautocorrelation descriptor for E(X) =0

Consider an arbitrary random sBt and an arbitrary random vectot indepen-
dent of Dy: this is our general modelD; represents the molecular structure afda
numerical property of atom. Since we do not make any assumptionganthis model
is valid for arbitrary chemical structures.

As usual, we denote by, = {X | E(]X”]) < oo} the set ofp-times integrable
random variables. LeW > 0, N € L,, be an integer-valued random variable ata
random vector having the property:

(iie) X = (X4,..., Xy)and allX, € L, are independent and independentpf
with E(X,)=EX) (u=1,...,N).
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Note, however, thaV is not independent ab,. For ease of notation, we writé(X)
instead ofE (X,). Let

1, if (l/l, U) € Dd,
Lwwvern =10 else

denote the indicator function ¢tu, v) € D,;},d > 0. Then,

N
Ay(X) = Z XuXo - Liw,veny)

u,v=1
and
E(A4(X)) =) E(A¢XIN =n))P(N = n)
n=1

3

n
E( Z XuXv . 1{(u,v)€Dd} N = I’l)P(N = I’l).
n=1 u,v=1

If d > 0, this equals

E(X) Z E( > Lwwena

u,v=1

—n>P(N=n), 3)

sinceX,, X, are independent far # v.
LetY be a random vector with property (iie) aixd, ¥; be independent fot # [,
but not necessarily independentXf This includes the cas¢ = Y. Then

E(A4(X)Ag(Y))

= 3" E(44, (00 A (D[N = n) P(N = n)

n=1
00 n

= ZE( Z XMXUYin . 1{(u,v)eD(11} . 1{(i,j)ED42} N = I’l)P(N = I’l). (4)
n=1 u,v,i,j=1

To determine CotA,, (X), A4, (Y)) for distancest;, d, > 0 andE(X) = 0 we consider
the following cases:

1. d; = d, = 0 andX,, Y; are independent for atl, .. In this case,

E(Ao(X)IN = n) (Zx ) = nE(X?)

and

E(Ao(X)Ao(Y)|N = n) ( > X%y ) 2E(X?)E(Y?).

u,v=1
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Hence,

Cov(Ao(X), Ao(Y)) =Y n’E(X?)E(Y?)P(N = n)

n=1

n=1
= E( ?)E(Y?)E(N?) — E(X*)E(N)E(Y?)E(N)
=E(X?)E(Y?)Var(N) > 0
if X,Y #£0, N = ¢ for a constant.
If, however, we define

inE )P(N =n)- ZnE )P(N =n)
=1
)

N

Ap(X) =) (X2 —1) = Ao(X) — N, (5)

u=1
then
Cov(Ao(X), Ao(Y)) = E(X? — 1) E(Y?) Var(N) = 0

if E(X?) = 1 for all u. This condition is equivalent to V&X) = 1 in the case
E(X) =0, i.e., ifX is centered and normalized.

2.dy > 0,d, > 0,d; # d, andXY € L,. Then, without loss of generalization,
X, is independent of the other variables, hence,

E(Ay(X)Ag(Y)|N =n)

= E(X)E< Y XYY Laweny) - Yapena)|N = ”) =0.
u,v,i,j=1

The second factor is always finite by Cauchy—Schwarz inequalityXand L.
By (3), E(A4 (X)) = 0; by (4), E(Ag (X)Ag,(Y)) = 0, hence,
Cov(Ag (X), Ag,(Y)) =0
3.di=0,d» > 0,XY € L, andE(XLf) = 1 for all u. In this case, it follows as
above that
Cov(Ag(X), Ag, (Y)) = O.
4. dy = d, > 0 andXy, Y; are independent for all # . ThenX, is independent
of the other variables and Co¥,, (X), A4(Y)) =0
Thus, we have shown: £ (X) = 0, then
1. A4, (X) andA,4, (X) are uncorrelated for different distanaés d,.

2. A4 (X) andAg, (Y) are uncorrelated for all distancés, d, > 0. If additionally
Var(X) = 1 and modification (5) is applied faf; = 0 then this is true for all
di,d> > 0.
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In the next section, we will see that this is not the case in general.
Remember that the general model we used to derive these results is valid for arbi-
trary chemical structures.

5. Theautocorrelation descriptor for E(X) # 0

We have not yet investigated the autocorrelation descriptoEfaf) # 0. In this
section, we use our second random graph model to showEttt(X)) and E(A1(Y))
are correlated i£(X), E(Y) # 0.

Let N be an integer-valued random variable. We construct a random gregsh
follows: for N = n, G is a graph om vertices{1, ..., n} whose edges are selected
independently with probability, = 2/(n —1). Note that isolated vertices may oc-
cur. For every fixedh the number of edges is binomially distributed with expectation
E(|D1|IN = n) = (3)p» = n. Thus, for a variable number of verticég the expected
number of edges i8(|D1]) = Y .24 E(|D1|IN = n)P(N =n) = E(N). Hence, in the
average, graphs have equally many edges and vertices.

Let X, Y be random vectors having property (iie) aid, ¥, be independent for
k # 1. Since

w, fOr :
E(LiuvyepyIN =n) = {g eIS: -
we get ’ ’
E(A1(X)) = E(X)* ) 2<Z)pnP(N =n) = 2E(X)’E(N) (6)
n=1

by (3). To determingz (A1 (X)A1(Y)), consider
E(A1(X)A1(Y)|N = n)

n
- E( Z XuXoYiYj - Liwweny - i, pepy|N = n). @)

u,v,i,j=1
Since(u, v), (i, j) € D1, equality between variables {&, v} and{i, j} can only occur
foru = ky orv = kp with {kq, k2} = {i, j}. Also, all variables can be unequal, hence we
have to considef}) +2((%) + (3)) = 7 cases of which for symmetry reasons three have
different expectations. By independence and linearity (7) thus becomes

2 n
=(O>E< > XuXinYj'1{<u,v)e01}'1{<i,j>eDl})

u,v.i,j=1
all£

2 n
+ 2(1>E< > Xu XYYy Luweny - 1{(i,v)eD1})

u,v,i=1

all

2 n
+ 2<2>E<Z X XY, Y, - 1{<u,v>eDl})

u,v=1

uF#v
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= E(X)’E(Y)* Y Euweny) EQ i jyeny)

u,v,i,j

all#
+AE(XY)E(X)E(Y) Y ELumeny) EQgmeny)

u,v,i

all#

+2E(XY)* Y " E(Lunyeny)
u#v

= E(X)2E(Y)?- 4 <Z> P2+ AE(XY)E(X)E(Y) - 3! (g) p?
L 2E(XY)2. 2! (Z)m
_ 24E(X)2E(Y)2(Z> P2+ 24E(XY)E(X)E(Y) (’;) P2

n 4E(XY)2(Z> Pa. (8)

By assumption, (8) holds for independent random vectorg as well as foiX = Y.
In the following, letX, Y be independent and > 2. By (4), (8), and an elemen-
tary calculation
2 4n(n®>—3
E(A1(X)AL(Y)) =+ = EX)’E(Y)?) %P(N =n)
n=3
N(N? — 3))

(EE® < N-1
For the variance, we get

Var(A1(X)) = E(A1(X)?) — E(A1(X))* = - -
3

N
_ 4
= 4E(X) E(N

N2
2 2
1) + 4(6 Var(X) E(X)* + Var(X) )E(N — 1)

— 4(3E(X)* + 10 Varn X)E(X)* + Var(X)Z)E(NL_J

— (2E(X)?E(N))*
by (4), (8), (6), and an elementary calculation. Hence, the correlation is
4E(X)?E(Y)*(E(N(N? = 3)/(N — 1)) — E(N)?)
VvVar(A1(X)) Var(A1(Y))
_ E(X)’E(Y)*Var(A1(1))
 JVar(A,(X)) Var(A,(Y))

p(A100, A1(Y)) =
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[} X 9 0 Y El

Figure 4. Correlation matrix fok ~ AV(1,1), Y = 1.

Since
Var(A;(X))
e T ECOT VD),
we get
lim — p(A1(X), A1(D) =1
E(X)—>+oc0
and

p(ALX), AL(Y)) = 1.

lim
E(X),E(Y)—=+o00

This means tha#i; contains highly redundant information for large valueg B{X)|
and|E(Y)| even if propertieX andY are independent. Als®; contains almost only
structural information in this case, all physico-chemical information on the vertices is
lost as|E(X)| tends versus infinity. The same is true fog; with (3) and (4), it can be
shown thato (Ap(X), Ag(Y)) — 1for E(X), E(Y) — oo andp(Ao(X), Ag(1)) — 1

for E(X) — oo in the general model.

6. Simulation with chemical structures

To validate our results, we carried out a simulation on 1128 randomly selected
structures from the Available Chemicals Directory for a normally distributed property
X and the identityY = (1,1, ...,1). The figures below show the correlation matrices
for Ag(X), ..., Ag(X) andAg(Y), ..., Ag(Y) with X ~ N'(1, 1) (figure 4) andY = 1,
and X ~ MN(0,1) (figure 5) andY = 1, respectively. In figure 5 we also applied
modification (5) ford = 0. Colors represent absolute values of the matrix entries,
ranging from 0.0 (white) to 1.0 (black).

Figure 4 shows considerable correlation amangX) (d = 0, ..., 9) (lower left
guadrant) and amondo(Y) (d = O, ..., 9) (upper right quadrant) as well as between
Ag (X), Ag,(Y) (dr,d2 =0, ..., 9) (upper left and lower right quadrants). As predicted,
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X 9 0 Y 8

Figure 5. Correlation matrix fok ~ A(0, 1), Y = 1.

no correlation is present in figure 5 amoAg(X) and betweem ;, (X), A4, (Y) sinceX
is centered £ (X) = 0).

7. Conclusion

Not only does the strong correlation that is present for large valugg @f)| or
|E(Y)| complicate the statistical analysis of the generated data, it also makes meaningful
QSAR studies very difficult as there is no clear distinction of contributions from prop-
erty X and propertyY. This cannot be overcome by factor analysis since factors are
linear combinations of all autocorrelation descriptors. Also, the functitg(X) and
A1(X) loose all physico-chemical informatiof on the vertices aE (X)| tends versus
infinity; thus, Ag(X) and A1(X) are merely structural descriptors in this case. These
shortcomings are easily eliminated if propeRryis centered and modification (5) is ap-
plied ford = 0. The resulting data is uncorrelated and can be analyzed by multivariate
statistics or used for QSAR studies. Properties should therefore always be centered and
normalized befored, is applied.
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